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Abstract

Dry contact sliding between two structures is frequently found to generate squeal noise in certain topography condition

of contact surface. Furthermore, a different surface topography may generate squeal noise at different frequencies. In this

paper, authors investigate the effect of topography of contact surfaces to the normal contact stiffness, the tangential

contact stiffness, and the friction coefficient. The normal and tangential contact stiffness are determined by a classical

model of asperity on contact surface. These parameters will be the dominant factors of the squeal noise generation by

means of mode-coupling analysis. Numerical simulation-based investigation is carried out using two simple models, i.e. a

two-degree of freedom model and a simple space frame model. The simulation results show that a structure has only one or

few pairs of couple modes with complex eigenvalues at certain contact conditions. For a system with multi-degrees of

freedom, some mode shapes make couples in different contact conditions. On the other hand, smoother contact surfaces

have higher normal and tangential contact stiffness. Furthermore, higher tangential contact stiffness and higher coefficient

of friction will increase the possibility of squeal generation. Hence, it is understandable why the squeal noise appears and

vanishes in some surface topography and has different frequencies at different values of surface roughness.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Squeal noise is found to originate from the unstable vibratory response due to friction-induced vibration
corresponding to only one or few natural frequencies of a structure. Two typical mechanical systems that
frequently generate squeal noise are train-wheels on a curved track [1–5] and brake systems [6–11].

There are several kinds of mechanisms that cause squeal noise. Ibrahim reviewed many theorems and
mechanisms in the literature [12]. Four typical mechanisms are stick–slip, sprag–slip, negative friction velocity
slope, and mode coupling of structures. It was proved theoretically that stick–slip mechanism, sprag–slip, and
negative friction velocity slope can cause chaos and instability of the systems, but these theoretical models
cannot explain all events related to the squeal noise.
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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Nomenclature

Aa apparent contact area
d distance between two surfaces
D nondimensional separation
E0 composite modulus elasticity
E1;2 modulus elasticity of contact material 1

and 2
Ff friction force
Fn normal force
kn normal contact stiffness
kt tangential contact stiffness
pa apparent contact pressure
s normalized coordinate
Sm mean spacing between peaks
Rp maximum head profile
W normal load
b mean radius of asperities

b1;2 mean radius of asperities of surface 1 and 2
d deflection
j misalignment factor of two asperities in

normal direction
x misalignment factor of two asperities in

tangential direction
x=j correction factor of tangential contact

stiffness
Z density of Asperities per unit area
Z1;2 density of asperities per unit area surface

1 and 2
m friction coefficient
n1;2 Poisson’s ratio of contact material 1 and

2
s standard deviation of height distribution

asperities
s1;2 standard deviation of height distribution

asperities surface 1 and 2
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Furthermore, Chen et al. [13] reported that stick–slip occurs at slow relative sliding speed, but it does
not appear at high relative sliding speed. In addition, when relative sliding speed becomes high enough and
friction coefficient becomes a large value, the system emits squeal noise with very high sound pressure. Chen
et al. [14] also found that there is no variable correlation between negative friction–velocity slope and the
occurrence of squeal noise in reciprocating sliding systems. Squeal noise can occur in regions with both
negative and positive friction–velocity slopes. In spite of all of this, mode coupling is generally acknowledged
to be one of the most important mechanisms leading to self-excited vibration in relative sliding systems with
friction [15].

Regarding the contact surface topography, by means of experimental analysis some researchers found that
the roughness of relative sliding contact surfaces definitely influences the generation of the squeal noise.
Eriksson et al. [10] investigated the relationship between brake pad surface topography and the occurrence of
squeal noise. They found that the contact pressure of a sliding surface and the size of its plateaus have great
influence on generating squeal noise. Pads with many small contact plateaus tend to generate strong squeal
noise than pads with relatively large plateaus.

In the case of squeal noise of wheel in curve track, Eadie et al. [16] found that squeal noise could be avoided
by change of the friction characteristics using a ‘‘third body’’ and the modification of contact surface between
wheel and rail.

Furthermore, Chen et al. [17] investigated the correlation between squeal noise and topography
characteristics of scars in reciprocating sliding. They observed that squeal noise is generated or vanished
under certain scars conditions during the reciprocating sliding of two contact surfaces. Chen et al. [13] then
found that two different vibration modes radiate squeal noise in different coefficient of friction due to
changing the roughness of sliding surface. Besides, Sherif [18] proposed the concept of squeal index to describe
the establishing the squeal noise. This index is a function with respect to the mean radius and the standard
deviation of the height distribution of asperities of sliding surface.

In fact, it still remains many questions about scientifically obscure mechanisms to generate squeal noise.
One of the questions is why squeal noise is generated in certain topography conditions and vanished in other
conditions. This is to say, why a structure generates the squeal noise in rough contact surface but why others
generate in relative smoother surface. Another one is which mode shapes are responsible to generate squeal
noise, and how the roughness of contact surface affects the occurrence of vibration with the mode shapes.

In this paper, the authors investigate the effect of topography of sliding contact surfaces to the normal
contact stiffness, tangential contact stiffness, and friction coefficient in squeal noise generation. The aims of
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this paper are to answer the question why and how squeal noise is generated or vanished in certain surface
topography conditions, and to predict which resonant modes are prone to generate squeal noise. The authors
try to build ‘‘a simple bridge’’ to connect the tribology aspect and structural instability in the condition of
generating squeal noise. The authors develop a simple contact surface model by taking the effect of tangential
contact stiffness to the mechanism of generating squeal noise into account instead of the autonomous model
proposed by Hoffman [19].

This paper consists of five sections. Following this introduction, in Section 2, the authors will review some
theoretical and experimental analysis of contact parameters related to surface topography. These parameters
are then used in the case studies using two kinds of computational models, i.e. a two-degree of freedom model
and a simple space frame model in Sections 3 and 4, respectively. The discussion is focussed on a few couple
resonant modes that make unstable modes at certain values of contact stiffness and friction coefficient. Here,
the contact stiffness and friction coefficient can be expressed as the functions with respect to topography
parameters. Finally in Section 5, this paper is concluded.
2. Contact model of rough surface

When two bodies having macroscopically flat but microscopically rough surface come into contact, the contact
occurs at multiple asperities with arbitrary shapes, sizes and heights on the surface of both bodies. The
deformation of the contact parts of the asperities can be elastic and/or elastic–plastic. When two surfaces slide
relatively to each other, the adhesion of the asperities and other complex mechanisms of surface interaction
generate friction force. The size and the number of contacting asperities strongly affect the interface conditions.

A number of modern approaches have been devoted to establish precise and practical modelling of contact
surfaces over last three decades. However, the modelling is still very difficult today. The fact that the surface
conditions are usually random and ambiguous makes it difficult to develop a purely theoretical and precise
model; therefore stochastic models must be used. A classic statistical model based on a combination of elastic
and plastic contact on rough surfaces was proposed firstly by Greenwood and Williamson (G&W model)
[20,21]. The model assumed the surface composed of many hemispherical tipped asperities with an identical
radius of curvature and a Gaussian distributed height about a mean plane of the surface. This statistical model
is very limited because of over-simplified assumptions about the geometry of asperities, the distribution of the
heights, and the neglect of interaction between adjacent asperities. Four realistic variations of the geometry of
asperity are shown in Fig. 1. Nevertheless, G&W model can express a tendency about the effect of the surface
properties to the area of real contact [22].
2.1. Normal contact stiffness

Hertzian analysis expresses the contact force between a spherical asperity with radius b and a plane in terms
of the radius and the deflection by Eq. (1)

W i ¼
4
3
E0b0:5d1:5, (1)
Fig. 1. Some variation of height and form of asperities [23]: (a) positive skewness; (b) negative skewness; (c) kurtosis higher than 3; and (d)

kurtosis lower than 3.
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where E0 is a parameter of the composite modulus of elasticity related to Young’s modulus and Poisson’s
ratios of a sphere and a plane of two body materials as expressed by

1

E0
¼

1� n21
E1
þ

1� n22
E2

. (2)

According to G&Wmodel, it is considered that a plane is in contact with a nominally flat surface covered with
a large number of spherically tipped asperities with same radius b and randomly distributed heights described
by a probability density function PðzÞ. The model is depicted in Fig. 2. If the two surfaces come together until
their reference planes are separated with the distance d, real contact occurs at any asperity whose height is
originally greater than d. Thus, the probability of making contact at any given asperity of height z [21] is
expressed by

Pðz4dÞ ¼

Z 1
d

pðzÞdz. (3)

If there are N asperities in all, the expected number of contacts is expressed as

n ¼ N

Z 1
d

pðzÞdz. (4)

Since d ¼ z� d, the expected load W is expressed by

W ¼ paAa ¼
4

3
NE0b0:5

Z 1
d

ðz� dÞ1:5pðzÞdz. (5)

Since the number of asperities is defined by N ¼ ZA, and introducing a non-dimensional variable D ¼ d=s, the
total load can be rewritten by Eq. (6).

W ¼
4

3
ZAE0b0:5s1:5

Z 1
D

ðs�DÞ1:5p�ðsÞds, (6)

where p�ðsÞ is the standardized peak-height-probability density function, in which the distribution of the
heights has been scaled to make its standard deviation be unity. For a Gaussian distribution the standardized
peak-height-probability density function is expressed by

p�ðsÞ ¼
1ffiffiffiffiffiffi
2p
p exp

�s2

2

� �
. (7)

If two surfaces are mutually independent, the equivalent rough surface is defined as

1

b
¼

1

b1
þ

1

b2
. (8)

Using the assumption that all asperities are spherical, the mean radius of them on each contact surface is
computed by Eq. (9) [18].

bn ¼
Smn

32Rpn

þ
Rpn

2
for n ¼ 1; 2. (9)

The standard deviation of the equivalent roughness of surface s is expressed with the standard deviations of
the two contact surfaces s1 and s2 as expressed by Eq. (10).

s ¼ ðs21 þ s22Þ
1=2. (10)
Fig. 2. Spherical tip of asperities contacted to a smooth plane.
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The normal contact stiffness is defined by

kn ¼
dW

dd
. (11)

The chain-rule of differentiation changes Eq. (11) into Eq. (12).

kn ¼
dW

dD

dD

dd
. (12)

Knowing that

D ¼
d

s
¼ s�

d
s
. (13)

Eq. (12) can be rewritten as

kn ¼ 2ZAE0b0:5s0:5
Z 1

D

ðs�DÞ0:5p�ðsÞds. (14)

According to Bhushan [23], for a Gaussian distribution of the height of asperities, D is obtained by Eq. (15)

D ¼ 1:4ðlogð0:57=PaÞÞ
0:65, (15)

where

Pa ¼
pa

ðZbsÞE0
s
b

� �1=2
p0:57. (16)

When two surfaces are in contact, their encountered asperities touch elastically and/or plastically. During
sliding, asperities deform elastically and/or plastically to ride over each other in contact condition. They are
subjected to loading and unloading fatigue cycles, impacts that depend on the density of asperities of the
surfaces and the relative speed of sliding.

2.2. Tangential contact stiffness

For the dynamic analyses of structural systems having friction contact in them, two types of modelling
approaches are widely used for dealing with friction contact, i.e. the macro slip and the micro slip modelling
approach. The macro slip modelling approach is usually applied to the analyses under the assumption that the
friction interface is modelled as rigid surfaces and that interface is entirely in stick or slip states. On the other
hand, the micro slip modelling approach accepts the elasticity of friction interface, so that it is capable for
modelling partial slip.

In fact, it is thought that the contact interfaces in vibrating structures are subjected to oscillatory relative
motion. Then, the characteristics are essentially theorized base on their hysteresis cycles that can show how the
tangential force varies with relative displacement. Micro slip refers to a part of the hysteresis cycle between
sticking and sliding in which the tangential force remains as a function of relative displacement. During micro
slip, sliding takes place only between parts of the contact surfaces, while other parts do not undergo any
relative motion. Gross slip refers to a part of the hysteresis cycle in which sliding takes place between all points
the contact surfaces.

For the case of micro scale case, Mindlin [24] defined the ratio of the tangential stiffness to the normal
stiffness between two bodies with same elastic constants by Eq. (17).

kt

kn

¼
2ð1� nÞ
ð2� nÞ

. (17)

Filippi [25] then found that the Mindlin model correctly predicts the tangential stiffness under moderate
normal load at frequencies 1–150Hz in the state of micro slip. Then, tangential stiffness during gross slip did
not show many differences to micro slip. Moreover, when the contact surfaces of structures are worn by
rubbing under high loads in gross slip regime, the surfaces increase the contact stiffness. He then confirmed
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that the tangential stiffness depends on the contact area and material properties, but independent of friction
coefficient, relative velocity and excitation frequency.

In the case of contacted surface on a macro scale, Baltazar [26] defined the ratio between the tangential and
the normal stiffness of mutually contacted two surfaces by

kt

kn

¼
x
j
2ð1� nÞ
ð2� nÞ

, (18)

where the correction factor x=j is determined by the effect of angular misalignment of contact. Using
ultrasonic excitation on contact interface, Baltazar found that the correction factors x=j for various
roughness of surfaces should be almost within 0.63–0.69, and that the stiffness ratio kt=kn should be
within 0.50–0.55. Nagy [27] found that aluminium material has its correction factor varying in 0.6–0.8, and
that its stiffness ratio kt=kn is estimated between 0.48 and 0.64. In dynamic analysis, Sherif [28] made two
model of steel cantilevers with tip masses whose flat ground were in contact under the effect of constant
normal load. The flat contact surface of the tips was polished. He then excited the surface at frequency
10–400Hz and obtained the ratio of dynamic tangential contact stiffness to tangential contact stiffness is
around 0.25–0.35.

Based on the abovementioned investigation, we shall conclude that there is no unified model to obtain the
value of the ratio between the tangential and the normal stiffness for macro scale and micro scale slip, because
both scale slip models are formulated using many assumptions of the modelling about contact roughness in
relative sliding conditions. There is no model that can clearly explain about tangential stiffness of sliding
contact with respect to various conditions and parameters such as oscillation frequency, material, sliding
speed, normal and tangential load. Nevertheless, in the case where contact interfaces are subjected to relative
oscillatory motion due to vibration of structures at very low frequency, tangential stiffness during gross slip is
not very different from that during micro slip.

In the next section, numerical simulations are presented about the normal and the tangential stiffness of
different surface topographies whose characteristics and those of slider are listed in Table 1. Surface 1 is the
roughest while surface 3 is the smoothest among the three surfaces. In the simulations, the ratio of the
tangential contact stiffness to the normal one is assumed to be 0.2, and the apparent contact area is to be
10�4 m2. Both stiffnesses as a function of normal force are shown in Fig. 3. It is found in Fig. 3 that smoother
the surface and higher the normal load will have higher values of the normal and the tangential contact
stiffness.

2.3. Friction coefficient

Physicists and engineering researchers have set up several theories about friction coefficient confirmed by
experimental studies from the viewpoints of nano-scale and macro-scale. However, a unified friction theory
over all the scales is still missing. Friction force in an interface depends on many variables such as material
properties, geometry, and atmospheric properties. The mechanism of friction force is described by two kinds
of components. One is the mechanical component related to the deformation of asperities, fracture and shear
of contaminant, and lubricant films. Another one is the chemical component directly related to atomic and
Table 1

Some surface topography

Parameter Surface 1 Surface 2 Surface 3 Slider

Max radius, Rp ðmmÞ 1.6 0.80 0.2 0.2

Mean spacing, Sm ðmmÞ 150 80 50 50

Standard deviation, s ðmmÞ 0.75 0.35 0.1 0.1

Asperity density, Z ðcm�2Þ 5000 15000 36000 36000

Modulus elasticity, E ðNm�2Þ 2:11� 1011 2:11� 1011 2:11� 1011 2:11� 1011

Poisson’s ratio, n 0.3 0.3 0.3 0.3
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Fig. 3. Contact stiffness in three surfaces whose topography characteristics described in Table 1: (a) normal contact stiffness;

(b) tangential contact stiffness. :::::::::: surface contact 1, ���� surface contact 2, � � � � � � surface contact 3.
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molecular interaction of the mating surface (adhesion). There is no simple correlation between friction
coefficient and these factors of mechanical and chemical components [29].

In the case of sliding rough surfaces with metallic interface, the mechanical component will be the most
important contributor to the resultant friction force. The contribution to friction force will be generated by the
mechanical resistance due to elastic and plastic deformation of the asperities and the adhesive force between
the mutually contacted asperities.

Generally, the coefficient of dry friction m can be expressed as the sum of adhesion component ma,
deformation (plowing) component md , and ratchet component mr. The deformation component, in the
presence of wear or contamination particles, is the sum of asperity summit deformation component mds and
particle deformation component mdp [30]. In short, the total coefficient of friction is expressed by

m ¼ ma þ mds þ mdp þ mr. (19)

An experimental investigation [31] showed that the correlation between friction and adhesion depends on
many parameters such as temperature, sliding velocity, load, and relative humidity in a great complexity,
therefore the correlation is difficult to be modelled.

For instance, Eriksson et al. [32] investigated the dependence of the friction coefficient regarding brake pads
of automobiles upon various pressure, speed, and roughness of the sliding surface. They concluded that it was
very hard to establish an accurate model of the friction in brake systems because of its extreme complexity
even to cover only the most important phenomenon. They found experimentally that the coefficient of friction
of pad varies between 0.3 and 0.6.

3. A two-degree of freedom model

Numerical simulations are carried out in this section to investigate the essential properties of mode coupling
instability using a single particle mass model having two degrees of freedom as shown in Fig. 4. This model is
developed using the minimal model of the mode coupling analysis by Hoffman [19]. It takes the effect of
tangential contact stiffness to the mechanism of generating squeal noise into account.

The particle mass m is supported by two linear springs, whose stiffness coefficients are denoted by k1 and k2,
and two viscous dampers whose coefficients are expressed as c1 and c2 on a moving horizontal plane. The
stroke line of the spring k2 and the damper c2 lean toward from the normal direction. The contact stiffness
between the mass and the moving plane is modelled using a spring kn for the normal component and another
spring kt for the tangential component. The mass is contacting to the moving plane at a constant velocity.
Point O denotes the contact point. Fn and Ff represent the normal force and the friction force that are
working at the point as depicted in Fig. 4.
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Fig. 4. Two-degree of freedom model.
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Under the assumption that the relative displacement of point O to the mass m can be negligible, the
equations of motion of the mass can be formulated as follows:

m €xþ c1 _xþ

ffiffiffi
2
p

2
c2 _xþ ct _x�

ffiffiffi
2
p

2
c2 _yþ k1xþ

ffiffiffi
2
p

2
k2xþ ktx�

ffiffiffi
2
p

2
k2y ¼ �F f ,

m €y�

ffiffiffi
2
p

2
c2 _xþ

ffiffiffi
2
p

2
c2 _yþ cn _y�

ffiffiffi
2
p

2
k2xþ

ffiffiffi
2
p

2
k2yþ kny ¼ Fn. ð20Þ

If the friction force can be approximated by F f ¼ mkny and damping coefficients are to be all zeros, the
equations of the autonomous system can be written by Eq. (21) in the matrix form.

m 0

0 m

� � €x

€y

( )
þ

k1 þ

ffiffiffi
2
p

2
k2 þ kt �

ffiffiffi
2
p

2
k2 þ mkn

�

ffiffiffi
2
p

2
k2

ffiffiffi
2
p

2
k2 þ kn

2
6664

3
7775

x

y

( )
¼

0

0

� �
. (21)

Since the stiffness matrix in Eq. (21) is nonsymmetric, it is mathematically obvious that this system has
complex eigenvalues when it has certain values for its components. Setting m ¼ 1 kg, k1 ¼ 108 N=m and
k2 ¼ 5� 107 N=m, numerical simulations are carried out using the model in order to investigate the effect of
the normal contact stiffness, the tangential contact stiffness and the friction coefficient to the occurrence of the
coupled-mode instability. Note that the normal contact stiffness, the tangential contact stiffness and the
friction coefficient actually correlate to surface topography and that the damping of the system is neglected.

Fig. 5 shows the frequency response functions (FRFs) of the mass in various normal and tangential contact
stiffness due to friction force under the assumption of linear contact stiffness. The friction coefficient is kept a
constant value of 0.5, and the ratio of the tangential contact stiffness to the normal one is set to be 0.2. It is
clearly found that there are two peaks of natural modes in the 3D graphs of FRFs, and then they are coming
closer and closer with the increase of contact stiffness. The couple of modes then merge from a point at a
certain value of contact stiffness, and afterwards, separate again. In Fig. 5, although the peak levels of FRFs
at the merged natural frequencies are plotted lower than the original levels of two peaks in the un-merged
condition, the responses rise exponentially time because of the positive growth rate of the response.

The response of the modal system is generally expressed by qiðtÞ ¼ Qie
ðaþjbÞt, where the imaginary part of the

exponential power represents a natural frequency and the real part represents the growth rate of the response.
The natural frequency, growth rate of the model at various values of contact stiffness and friction coefficients
are presented in Fig. 6.

There are two layers of natural frequency graphics basically in Fig. 6. The lower and the upper layer
correspond to the first and the second natural frequency, respectively. The equal and relatively flat regions of
the layers represent that both natural frequencies are being merged and the growth rates are positive in the
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Fig. 5. FRF and its phase mapping with respect to changing normal contact stiffness: (a) FRF of horizontal response; (b) FRF of vertical

response; (c) phase of horizontal response; and (d) phase of vertical direction.
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regions. It means that the vibration response at this merged natural frequency increases exponentially in the
time. In other words, this merged frequency is unstable.

Here, let us terminologically define ‘‘critical friction coefficient’’ to describe the lowest friction coefficient
that can make the system unstable. Critical friction coefficients form as an almost parabolic function of
normal contact stiffness as shown in Fig. 6. Fig. 6(a) shows the result in the case where the tangential contact
stiffness is set to be zero. There are two regions of the normal contact stiffness in which no unstable vibration
occurs with any value of the friction coefficient when the tangential contact stiffness is zero. In addition, even
in the unstable region, there are some points at which the response of the system is stable Therefore, it is
difficult to predict which kind of response occurs, unstable or stable. In the region of very lower friction
coefficient, the merging of two natural frequencies does not occur in all the region of normal contact stiffness
although the two natural frequencies gradually approach each other and separate away as the contact stiffness
increases. In this condition, the model has separated natural frequencies with positive real eigenvalues and
stable response.

Fig. 6(b) shows the result in the case where the tangential contact stiffness is set 0.2 times of the value of the
normal one. There is only one region of the normal contact stiffness in which no unstable vibration occurs
with any value of the friction coefficient. The region is placed at the narrow range of the normal contact
stiffness from zero. It is found with the result that the unstable region is also affected by the tangential contact
stiffness. The effect of the tangential contact stiffness can be observed as the difference between Fig. 6(a) and
(b). A higher value ða40Þ of the tangential contact stiffness will change and make the possibility of the system
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Fig. 6. Natural frequency and growth rate mapping about two-degree of freedom model: (a) a ¼ kt=kn ¼ 0; (b) a ¼ kt=kn ¼ 0:2.
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instability higher within certain values of the normal contact stiffness, and will decrease the critical friction
coefficient more.

It is well known that changing the dynamic characteristics of structures will change the unstable region of
responses. Structures have their own unstable regions depending on their contact parameters. Consequently, a
structure will generate squeal noise at one of particular frequencies that can make it possible to generate squeal
noise under certain contact parameters and topography conditions. Then, it is difficult to predict the
occurrence of squeal noise and its frequency. A smooth surface with high normal contact stiffness in sliding
contact interface tends to generate squeal noise at relatively high frequencies. On the other hand, rough
surface with low normal contact stiffness tends to generate squeal noise at relatively low frequencies.

4. A multi-degrees of freedom model

The second numerical investigation is conducted using a simple space frame model with a friction contact at
one edge shown in Fig. 7. The area of the frame cross section is set to be a constant over the whole frame.
Using the finite element method, the frame is made with eight finite elements, and the friction force is assumed
to be applied only in x-direction of global coordinate system. The value of the normal contact stiffness Kx is
set variously within 1:10824:108, and the ratio of the tangential contact stiffness to the normal one is set to be
0.2 (Ky ¼ Kz ¼ Kmx ¼ 0:2Kx).
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Fig. 7. Space frame as a case study, A ¼ 9:6� 10�5 m2, r ¼ 7850kg=m3, E ¼ 2:1� 1011 N=m, E ¼ 8:0� 109 N=m, local inertia

Ix ¼ 8:2� 10�9 m�4, Iy ¼ 8:192� 10�9 m�4, Iz ¼ 7:2� 10�11 m�4.

Fig. 8. The change of natural frequencies with respect to normal contact stiffness.
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Under the condition of setting the friction coefficient at 0.5 of the constant value, some natural frequencies
from the first order change depending on the values of the normal contact stiffness as shown in Fig. 8.
Increasing the normal contact stiffness caused by the change of the surface topography makes some natural
frequency approach closer to adjacent one each other, but all of them do not merge. Only a few natural
frequencies among them merge and the others just cross each other. To reveal the mechanism of making such
crossing and merging of natural frequencies is still on a half way of investigation and out of the scope of this
paper.

The focus of this discussion is to investigate the correlation between merging natural frequencies and
contact stiffness by means of numerical simulation. Keeping the friction coefficient at 0.5 of the constant
value, and the normal contact stiffness within 0:9� 10821:9� 108 N=m, the 5th and the 6th natural mode are
merged mutually and the eigenvalue of the resultant merging natural mode becomes a complex number with a
positive real part. In another very limited range around 1:3� 10821:5� 108 N=m of the contact stiffness, the
9th and the 10th mode are merged. These merging imply that squeal may coincide at two frequencies on the
condition that the topography condition and the normal pressure of the contact make the normal contact
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stiffness around 1:3� 10821:5� 108 N=m and the friction coefficient at 0.5. If the normal contact stiffness is
set to be a value between 0:9� 10821:9� 108 N=m except for the range of 1:3� 10821:5� 108 N=m, the
friction will generate squeal noise at only single frequency, and no squeal noise is generated out of the range of
normal contact stiffness.

Fig. 9 shows the growth rates of the eigenvalues from the 1st to the 12th order with respect to various values
of friction coefficient and normal contact stiffness. As already mentioned above, only two pairs of natural
Fig. 9. Growth rates of the first to the 12 natural frequencies.
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modes tend to merge. Namely, they are the pair of the 5th and the 6th mode and the pair of the 9th and the
10th mode. The pair of the 5th and the 6th mode has higher possibility to merge and generate squeal noise
than the pair of the 9th and the 10th. The pair of the 9th and the 10th order will generate squeal noise in
relatively high friction coefficients and a very limited range of normal contact stiffness. Note here that it is not
understood well yet what parameters of the contact condition make natural modes merge and/or cross in
general.

The abovementioned mechanism in this section will be able to explain some cases of the relation between
squeal noise and surface roughness described in the first section of ‘‘Introduction’’. A structure will generate
squeal noise on the condition of only a certain contact parameter and a different contact surface topography.
A very stiff structure having its natural frequencies at high frequencies will grow high possibility to generate
squeal noise due to its high normal contact stiffness and smooth surface. This will be able to explain why disc
brakes tend to produce squeal noise in relatively smooth surface or small plateaus condition [11] and why the
experiment reported in Ref. [17] generate squeal noise in rougher surface condition. Squeal noise at different
frequency may be generated in different contact parameter conditions as reported by Chen [13]. Of course,
more detailed investigation is needed to explain the phenomena in each case.

5. Conclusions

It has been shown in this paper that the contact parameters; i.e. normal and tangential contact stiffness
about the sliding contact surface, and the friction coefficient play a significant role to generate unstable mode
coupling in a structure with friction. Unstable mode coupling occurs when the dynamic parameters of a
structure and the contact parameters make the stiffness matrix asymmetric. Therefore, since a few pairs of
adjacent eigenvalues and eigenvectors merge, unstable vibration to generate squeal noise will be generated.
This unstable mode coupling occurs at certain range of the values of contact stiffness and friction coefficient.
Higher friction coefficient will raise the possibility of generating mode coupling in a structure. To reveal the
mechanism of merging eigenvalues is still on a half way of investigation from the viewpoints of mechanics
based on mathematics.

In the case of friction in rough surface of sliding contact interface, the contact parameters depend on the
topography characteristics of contact surface as long as the load applied at the interface is not so big to
destroy all asperities. The contact of rougher surface has lower contact stiffness than of smoother one. Because
of the interaction between the dynamic parameters of structure and the contact parameters to form mode
coupling, it can be understood why a structure generate squeal noise in relative rough surface of sliding
contact interface and why others generate in smoother surface. A very stiff structure having its natural
frequencies at high frequencies will generate squeal noise in relative smooth surface and vice versa.

Since the relation between contact parameters and the parameters of surface topography is very complex
and cannot be explained in a simple formula, it is not easy to judge whether a structure will generate squeal
noise or not at a value of the roughness of sliding contact surface. However, the mechanism explained in this
paper can describe the phenomena of generating squeal noise corresponding to the surface topography.

The next research works should be focused at least on following two aspects for finding a better analysis of
squeal noise using mode-coupling model. The first is the aspect of experimental investigation to conform such
theoretical phenomena discussed in this paper, and the second aspect is of analysis of system’s nonlinearity
caused by nonlinear contact stiffness.
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